Abstract. We give new definitions for the determinant over commutative ring K, noncommutative ring K, noncommutative ring K with associative powers, over noncommutative nonassociative ring K, and study their properties.
(e) n and S
(o)
n be the subsets of even and odd permutations in S n , respectively. We call the sequence of elements of a 1σ (1) , . . . , a nσ(n) the diagonal l (σ) of matrix A, the sequence of elements a i1σ(i1) , . . . , a i k σ(i k ) , 1 ≤ i 1 < . . . < i k ≤ n the subdiagonal l of length k of matrix A. We denote by L 
, is defined to be the sum of its elements, i.e. su (l) := k s=1 a isσ(s) .
Definition 1. (the determinant over a commutative ring)
In the following Main Theorem we employ the well-known polarization theorem [3, 4] to obtain a new family of polynomial identities for determinants that contain up to n! free variables.
Theorem 1 (Main Theorem). If A = (a ij ) is an n × n matrix over the ring K, then the following formulas hold:
where {γ σ } σ∈Sn is the set of n! free variables γ σ ∈ K. In particular for all γ σ = γ and for all γ σ = 0 we have, correspondingly
is an n × n matrix over C then for t = 1, 2, . . . , n − 1 the following identities are hold:
Corollary 2. (a new criterion for independence of matrix rows (columns)). If A = (a ij ) is an n × n matrix over the ring K, then det (A) = 0 iff the following identity holds
3) are obtained using all characteristic properties of the determinant [9] . b) Formula (0.1) for n! free variables {γ σ } σ∈Sn generates 2 n! different polynomial identities if we put each γ σ = 0 or γ σ = 0. Each of these formulas can be taken as the definition for det (A) , it requires its own number of arithmetical operations when calculated and according to Corollary 1 generates a new set of identities. c) Formula (0.1) and its special cases employ (besides divisions by n!) only operations +,−, and raising to power of n, yet does not use a commutativity of multiplication in the ring K. Let sdet (A) be the symmetrized Barvinok's determinant over ring K [2] :
Lemma 2. The following formulas are valid for edet (A) over ring K:
edet(I n ) = e, if the ring K contains the unit e, and I n is the identity n×n matrix. 
where Ass(a n ), a ∈ K, is associate operator
and C n = (2n − 2)!/n! (n − 1)! is the Catalan number of n-products in nonassociative algebra (all arrangements of brackets in the n-product a × a × . . . × a). Obtaining similar results is of interest for Shur functions, the mixed discriminants and many other matrix functions of planar and space matrices related to determinants. Our results may find applications in the theory of permanents [4] , the theory of n-Lie algebras [5] , differential geometry [10] and elsewhere.
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